This paper investigates the global existence and nonexistence of positive solutions of the nonlinear degenerate parabolic equation IQ = f(u)(Au + a jn u&c) with a homogeneous Dirichlet boundary condition. It is proved that there exists no global positive solution if and only if s" l/(sf(s)) ds < 00 and & p(r) dx > l/a, where ~(2) is the unique positive solution of the linear elliptic problem -A&x) = 1, r E R; p(r) = 0, x E 6%.
INTRODUCTION AND MAIN RESULTS
In this paper, we consider the following degenerate parabolic equation with a nonlocal source: ut = f(u) ( Au + a ludx), XER, t>O, u(x, t) = 0, XcE xl, t >o, u(x, O) = uo(x) , x E R,
(1.1)
where a > 0 and R c RN is a bounded domain with smooth boundary aR. In the past several decades, many physical phenomena have been formulated into nonlocal mathematical models (see [l-7] and references therein). The work of this paper is motivated by some recent results of two related problems. On the one hand, the authors of [3, 7, 8] showed that p = 1 is the blow-up with homogeneous Dirichlet boundary condition. That is to say, if p < 1, the solutions are global for all initial data while if p > 1, the solutions blow up for sufficiently large initial data. By a similar discussion as in [7] , we can show that p = 1 is also the critical exponent of the nonlinear equation (1.3) However, in the critical case, i.e., p = 1, when does there exist a global solution? It is not clear.
On the other hand, it has been shown that positive solutions of parabolic equations of the form ut = up(Au + u),
with homogeneous Dirichlet boundary condition, blow up in finite time if and only if X1 < 1 (see [g-14] ). Here Xi is the first eigenvalue of the Laplacian on R with zero Dirichlet data on X.
Their results show that the first eigenvalue Xi plays a crucial role in determining whether or not there exists a global solution. But, for problem (l.l), it seems that Xi no longer takes action.
Motivated by these results, in this paper, we will establish new criteria for global existence and nonexistence of solutions of problem (1.1).
Throughout this paper, ue(x) and f(s) are assumed to satisfy u0 E Cl (fi) , ue > 0, in R;
f>O, and f'20, on (0, co).
Here v is the unit outward normal vector. Before stating the main results, we give a definition of the solution of problem (1.1).
DEFINITION.
positive in R x (0, T*) and satisfying (1.1). If T* = +cm, we say the solution is global.
Let q(x) be the unique positive solution of the following linear elliptic problem:
-Acp(x) = 1, x E 02; y)(X) = 0, 5 E Em.
(1.6) Denote p = [, cp(x) dx. Then, let us state our main results. THEOREM 1. If I-L > l/a and s" l/(sf(s)) ds < co, then there exists no global positive solution of (1.1).
THEOREM 2. Ifp 5 l/a or j'" l/(sf(s))ds = co, then there exists a global positive solution of (1.1).
This paper is organized as follows. In Section 2, we establish the local existence. The proof of the main results will be given in Section 3.
LOCAL EXISTENCE
Let QT = R x (0, T] and ST = a0 x (0, T] for 0 < T < 00. We first give a maximum principle, which will be used frequently in this paper (see [15, Lemma 2.21 To show the local existence of a positive solution of problem (l.l), we consider the following regularized problem:
1)
where 0 < E < 1. By a similar discussion as that of Theorems A.l-A.4 in [7], we know that (2.1) has a unique classical solution ulle(z, t) > E, defined on fi x [0, T:), where T,* is the maximal existence time of the solution.
According to Lemma 2.1, we give a comparison principle for problem (2.1).
LEMMA 2.2.
Assume that w E Cz~'(&)nC(Q T ) is a nonnegative subsolution (or supersolution) of (2.1). Then w(z, t) I (Z&(x, t) on QT.
Using Lemma 2.2, we have the following. Then from Lemma 2.3, it follows that uE are monotone with respect to E. So the limit T' = lim,,o T: exists, and as well the point-wise limit u (x, t) = be0 u,(x, t) (2.2) exists for (2, t) E fi x [0, T*). To prove ~(5, t) defined by (2.2) is a positive solution of (1 .l), we require the following regularity property. The proof is similar to [14, Lemma 2.31. We omit it.
Denote by X1 > 0 and 4(x) the first eigenvalue and the corresponding eigenfunction of the following eigenvalue problem:
It is well known that 4(x) may be normalized as 4(x) > 0 in R and maxn 4(x) = 1. Thus, from Lemma 2.2, we have the following. Then, by standard arguments (see [9, 14] ), it follows from Lemmas 2.2-2.5 that u, 4 u uniformly with the second derivatives in compact subsets of fl and u is a solution of (1.1) on R x [0, T*), where T* is the maximal existence time of u. Similarly, we can show that u(x, t) is continuous at any point (y, t), y E dR and v(y, t) = 0 (see [9, 13] ). Thus, we have the following. THEOREM 2.1.
The function u(x, t) defined by (2.2) is a positive solution of (1.1). Moreover, if T* < 00, then lirn~up~__,~~ maxIEn ~(2, t) = 00.
PROOF OF THE MAIN RESULTS
In this section, we assume ~(5, t) is a positive solution of (1.1) on fi x [0, T*), where 7" is the maximal existence time. We see that @ is strictly decreasing and convex on (cg , 00) since a"(s) = f'( s)/f2(s) 2 0. Hence, the inverse function G-l exists and is also strictly decreasing with $a+ (s) = l cp' (Q-1 (s)) = -f (P(s)) (3.4) a1
Taking the derivative of y(t) with respect to t, we obtain That is, which means u(x, t) can exist no later than t = T,, and the proof is completed. I PROOF OF THEOREM 2. We set the function W(z, t) = Kp(s) -u(z, t), where K is sufficiently large that Kp(x) > 'ZLO (x) and u is the positive solution of problem (1 .l) defined by (2.2). Suppose 
9)
then the positive solution u(x, t) defined by (2.2) is global.
